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e N={0,1,2,...}.

@ K = alg. closed field.

@ X = projective variety over K.
@ L =line bundle on X.
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Linear series (linear systems)

@ A linear series (linear system) associatedto L on X is a
vector subspace V C HO(X, L).
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Linear series (linear systems)

@ A linear series (linear system) associatedto L on X is a
vector subspace V C HO(X,L). Ex: V = HO(X, L) is called
the complete linear series.
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Linear series (linear systems)

@ A linear series (linear system) associatedto L on X is a
vector subspace V C HO(X,L). Ex: V = HO(X, L) is called
the complete linear series.

@ A (nonzero) linear series V C HO(X, L) defines a rational
map ¢: X --» P(V).
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Linear series (linear systems)

@ A linear series (linear system) associatedto L on X is a
vector subspace V C HO(X,L). Ex: V = HO(X, L) is called
the complete linear series.

@ A (nonzero) linear series V C HO(X, L) defines a rational
map ¢: X --» P(V). (In terms of a basis {sp, ..., sn} of V,
¢: X --»P(V)=P"is given by p— [so(p) : - : sn(P)].)
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Graded linear series

@ A graded linear series associated to L on X is a collection
Ve = {Vin}men of vector subspaces V, € H°(X, L™) such
that Vo =Kand Vi -V, C Vi, forall k,¢ € N.
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Graded linear series

@ A graded linear series associated to L on X is a collection
Ve = {Vin}men of vector subspaces V, € H°(X, L™) such
that Vo =Kand Vi -V, C Vi, forall k,¢ € N.

@ The graded linear series {HO(X, L™)} men is called the
complete graded linear series associated to L.
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@ Joint with Chih-Wei Chang, we generalized some
fundamental results about asymptotic constructions for
complete graded linear series to arbitrary ones.
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@ Joint with Chih-Wei Chang, we generalized some
fundamental results about asymptotic constructions for
complete graded linear series to arbitrary ones.

@ This is useful because incomplete graded linear series do
naturally arise, most notably in connection with the
restricted volume.
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Asymptotic litaka map of graded linear series

Ve = {Vin}men, Vim € HO(X, L™): graded linear series.
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Asymptotic litaka map of graded linear series

Ve = {Vim}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
(z)m: X -—> Ym g IP)( Vm)s Ym - (bm(X)
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Asymptotic litaka map of graded linear series

Ve = {Vim}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
Om: X ==>Ym CP(Vin), Ym= om(X).
@ N(V,) ={me N| Vp#0}: semigroup,
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Asymptotic litaka map of graded linear series

Ve = {Vim}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
Om: X ==>Ym CP(Vin), Ym= om(X).
@ N(V,) ={me N |V, # 0}: semigroup, assume # {0}.
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Asymptotic litaka map of graded linear series

Ve = {Vim}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
Om: X ==>Ym CP(Vin), Ym= om(X).
@ N(V,) ={me N |V, # 0}: semigroup, assume # {0}.

As m — oo, the maps ¢, stabilize birationally:
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Asymptotic litaka map of graded linear series

Ve = {Vin}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map

dm: X -=> Ym CP(Vn), Ym= om(X).
@ N(V,)={meN| Vj,+# 0}: semigroup, assume # {0}.

Theorem

As m — oo, the maps ¢, stabilize birationally: There exist
projective varieties X, Y, and foreach m € N(V,) a
commutative diagram

X &= x_
¢m i lqboo
Ym <---- Vs

of surjective morphisms and dominant rational maps,
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Asymptotic litaka map of graded linear series

Ve = {Vin}men, Vim € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map

dm: X -=> Ym CP(Vn), Ym= om(X).
@ N(V,)={meN| Vj,+# 0}: semigroup, assume # {0}.

Theorem

As m — oo, the maps ¢, stabilize birationally: There exist
projective varieties X, Y, and foreach m € N(V,) a
commutative diagram

X &= x_
¢m i lqboo
Ym <---- Vs

of surjective morphisms and dominant rational maps, such that
U IS birational, and vp, is birational for all sufficiently large
m e N(V,).
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litaka dimension and asymptotic degree

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
dm: X == Ym CP(Vm), Ym=om(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.

Corollary

Asm — oo:
Q dim ¢m(X) = dim Yy, stabilize
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litaka dimension and asymptotic degree

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
dm: X == Ym CP(Vm), Ym=om(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.

Corollary

Asm — oo:

Q@ dim ¢m(X) = dim Yy, stabilize to k(Vs) = dim Y, called the
litaka dimension of V,.
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litaka dimension and asymptotic degree

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
dm: X == Ym CP(Vm), Ym=om(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.

Corollary

Asm — !
Q@ dim ¢m(X) = dim Yy, stabilize to k(Vs) = dim Y, called the
litaka dimension of V.
Q Ifr(Ve) =dim X, then deg(¢m: X --+ Ym) stabilize
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litaka dimension and asymptotic degree

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
dm: X == Ym CP(Vm), Ym=om(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.

Corollary

Asm — !
Q@ dim ¢m(X) = dim Yy, stabilize to k(Vs) = dim Y, called the
litaka dimension of V.
Q Ifr(Ve) =dim X, then deg(¢m: X --+ Ym) stabilize to
d(Ve) = deg(doo: Xoo — Yo), called the asymptotic
degree of V,.
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k-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
¢m: X == Ym CP(Vim), Ym = ¢m(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.
@ k= k(V,s) =dimom(X) for large m € N(V,).
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k-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
¢m: X == Ym CP(Vim), Ym = ¢m(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.
@ k= k(V,s) =dimom(X) for large m € N(V,).

Asm— oo, dimkg Vi =& m-:

.
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k-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
¢m: X == Ym CP(Vim), Ym = ¢m(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.
@ k= k(V,s) =dimom(X) for large m € N(V,).

As m — oo, dimk Vi, =& m®: The limit

vol,(Ve) = lim dimg Vim
meN(Ve) m~/k!

exists, and 0 < vol,(V,) < 0.

.
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k-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V, defines a rational map
¢m: X == Ym CP(Vim), Ym = ¢m(X).
@ N(V,) ={me N| V, # 0}: semigroup, assume # {0}.
@ k= k(V,s) =dimom(X) for large m € N(V,).

As m — oo, dimk Vi, =& m®: The limit

vol,(Ve) = lim dimg Vim
meN(Ve) m~/k!

exists, and 0 < vol, (V) < co. We call it the k-volume of V.
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Moving intersection number

@ Z C X closed subvariety, dim Z = k.
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Moving intersection number

@ Z C X closed subvariety, dim Z = k.
@ V C HO(X, L) nonzero subspace.
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Moving intersection number

@ Z C X closed subvariety, dim Z = k.
@ V C HO(X, L) nonzero subspace.
@ Bs(V) = base locus of V.
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Moving intersection number

@ Z C X closed subvariety, dim Z = k.
@ V C HO(X, L) nonzero subspace.
@ Bs(V) = base locus of V.

The moving intersection number of V with Z, denoted by
( Vk . Z)mov,
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Moving intersection number

@ Z C X closed subvariety, dim Z = k.
@ V C HO(X, L) nonzero subspace.
@ Bs(V) = base locus of V.

The moving intersection number of V with Z, denoted by
(Vk - Z)mov, 1S defined by choosing k general divisors
Dy, ..., Dk € | V] and putting

(VK- Z)mov = #((Dy N -+ N DN Z) \ Bs(V)).
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
dm: X - Yy C P( Vm), Ym = Cbm(X)-
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
dm: X - Yy C P( Vm), Ym = ¢m(X)-
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).

Let Z C X be a general k-dim closed subvariety.
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
dm: X - Yy C P( Vm), Ym = ¢m(X)-
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).

Let Z C X be a general k-dim closed subvariety. Then the limit

(V.H . Z)mov - lim 7( Vm . Z)mov
mGN( V.) mK

exists, and 0 < (V} - Z)moy < 0.
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
O¢m: X ==+ Ym CP(Vm), Ym= om(X).
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).
Theorem
Let Z C X be a general k-dim closed subvariety. Then the limit

(V.H . Z)mov - lim 7( Vm . Z)mov
mGN( V.) mK

exists, and 0 < (V£ - Z)mov < co. Moreover,

(Voﬁ'z)mov — 5( V.’Z) VO|,§(V.)
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
O¢m: X ==+ Ym CP(Vm), Ym= om(X).
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).
Theorem
Let Z C X be a general k-dim closed subvariety. Then the limit

(V.H . Z)mov - lim 7( Vm . Z)mov
mGN( V.) mK

exists, and 0 < (V£ - Z)mov < co. Moreover,
(V&-Z)mov = 0(Ve|z) vol,(Ve) = deg(qﬁmlz: Z -—» ¢m(Z)) vol, (Ve

for large m € N(V,).
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Asymptotic moving intersection number and x-volume

Ve = {Vim}men, Vm € HO(X, L™): graded linear series.
@ Each nonzero V,, defines a rational map
O¢m: X ==+ Ym CP(Vm), Ym= om(X).
@ x = k(Ve) = dim ¢n(X) for large m € N(V,).
Theorem
Let Z C X be a general k-dim closed subvariety. Then the limit

(V.H . Z)mov - lim 7( Vm . Z)mov
mGN( V.) mK

exists, and 0 < (V£ - Z)mov < co. Moreover,
(V&-Z)mov = 0(Ve|z) vol,(Ve) = deg(qﬁmlz: Z -—» ¢m(Z)) vol, (Ve

for large m € N(V,). In particular, if x = n = dim X, then

(V7 X)mov = 0(Ve) voln(Ve) = deg(doo: Xoo — Yoo) voln(Ve). )

Shin-Yao Jow Asymptotic constructions and invariants of graded linear series



